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Àííîòàöèÿ
Ðàñ÷åò îáîëî÷êè èç íåëèíåéíî óïðóãîãî èçîòðîïíîãî ìàòåðèàëà îñóùåñòâëÿåòñÿ øà-
ãîâûì ìåòîäîì íàãðóæåíèÿ. Îáîëî÷êà ðàññìàòðèâàåòñÿ â òðåõ ñîñòîÿíèÿõ: èñõîäíîì, äå-
ôîðìèðîâàííîì ïîñëå j øàãîâ íàãðóæåíèÿ è ñîñåäíåì, áëèçêîì ê äåôîðìèðîâàííîìó,
â ðåçóëüòàòå (j + 1)  ãî øàãà íàãðóæåíèÿ. Äåôîðìàöèè îïðåäåëåíû êàê ïîëóðàçíîñòè
êîìïîíåíò ìåòðè÷åñêèõ òåíçîðîâ. Ñîîòíîøåíèÿ ìåæäó íàïðÿæåíèÿìè è äåôîðìàöèÿìè,
ïðèðàùåíèÿìè íàïðÿæåíèé è ïðèðàùåíèÿìè äåôîðìàöèé ïîëó÷åíû íà îñíîâå ãèïîòåç
î ïðîïîðöèîíàëüíîñòè êîìïîíåíò äåâèàòîðîâ íàïðÿæåíèé è äåôîðìàöèé è êîìïîíåíò
äåâèàòîðîâ ïðèðàùåíèé íàïðÿæåíèé è ïðèðàùåíèé äåôîðìàöèé. Íà îñíîâå ïîëó÷åííî-
ãî ðàíåå ñìåøàííîãî ôóíêöèîíàëà ñôîðìèðîâàíà íà øàãå íàãðóæåíèÿ ìàòðèöà äåôîð-
ìèðîâàíèÿ îáúåìíîãî êîëüöåâîãî êîíå÷íîãî ýëåìåíòà ñ ÷åòûðåõóãîëüíûì ïîïåðå÷íûì
ñå÷åíèåì. Ïðèâîäèòñÿ ïðèìåð ðàñ÷åòà.
Êëþ÷åâûå ñëîâà: âåêòîðíàÿ àïïðîêñèìàöèÿ, òåíçîðíàÿ àïïðîêñèìàöèÿ, âåêòîðíîå
ïîëå, òåíçîðíîå ïîëå, ñìåøàííàÿ ôîðìóëèðîâêà, âàðèàöèîííûé ïðèíöèï.
1. Ââåäåíèå
Òåîðèÿ íåëèíåéíîãî àíàëèçà îáîëî÷å÷íûõ êîíñòðóêöèé íà ñåãîäíÿøíèé äåíü
ðàçðàáîòàíà äîñòàòî÷íî ïîëíî [1-5]. Àíàëèòè÷åñêèå ðåøåíèÿ äèôôåðåíöèàëüíûõ
óðàâíåíèé äîñòèãàþòñÿ ëèøü â íåêîòîðûõ ÷àñòíûõ ñëó÷àÿõ, ïîýòîìó âåñüìà âàæ-
íûì è àêòóàëüíûì ÿâëÿåòñÿ ïîëó÷åíèå ÷èñëåííîãî ðåøåíèÿ. Ñàìûì ðàñïðîñòðà-
íåííûì ñðåäè ÷èñëåííûõ ìåòîäîâ ÿâëÿåòñÿ ìåòîä êîíå÷íûõ ýëåìåíòîâ (ÌÊÝ), ïîç-
âîëÿþùèé ïðîâåäåíèå ðàñ÷åòîâ ïðî÷íîñòè êîíñòðóêöèé ïðè ëþáûõ æåñòêîñòíûõ
ñâîéñòâàõ ìàòåðèàëà, çàêîíàõ èçìåíåíèÿ âíåøíèõ íàãðóçîê è ðàçëè÷íûõ âèäàõ
çàêðåïëåíèÿ.
ÌÊÝ â ðàñ÷åòàõ îáîëî÷åê èñïîëüçóåòñÿ â ðàçëè÷íûõ ôîðìóëèðîâêàõ. Â ôîð-
ìóëèðîâêå ìåòîäà ïåðåìåùåíèé [6-12] (íåèçâåñòíûìè ÿâëÿþòñÿ ïåðåìåùåíèÿ è èõ
ïðîèçâîäíûå) ðàçðàáîòàíî íàèáîëüøåå êîëè÷åñòâî êîíå÷íûõ ýëåìåíòîâ, èìåííî
ýòè ýëåìåíòû èñïîëüçóþòñÿ â èçâåñòíûõ ïðîãðàììíûõ ïðîäóêòàõ. Ïðè ðàñ÷åòàõ
îáîëî÷åê â êðèâîëèíåéíûõ ñèñòåìàõ êîîðäèíàò èìååò ìåñòî ïðîáëåìà ó÷åòà ñìå-
ùåíèÿ êîíå÷íîãî ýëåìåíòà êàê òâåðäîãî òåëà. Â [6] îòìå÷àåòñÿ âîçìîæíîñòü ó÷åòà
òàêîãî ñìåùåíèÿ íà îñíîâå ðàçëîæåíèÿ âåêòîðà ïåðåìåùåíèé ïî îðòàì ãëîáàëü-
íîé äåêàðòîâîé ñèñòåìû. Â [8] äëÿ ðàñ÷åòà îáîëî÷åê â êðèâîëèíåéíîé ñèñòåìå
êîîðäèíàò â äâóìåðíîé ïîñòàíîâêå ïðåäëàãàåòñÿ ðåøåíèå ïðîáëåìû ó÷åòà ñìåùå-
íèÿ êîíå÷íîãî ýëåìåíòà êàê òâåðäîãî òåëà íà îñíîâå àïïðîêñèìàöèè ïåðåìåùåíèé
êàê âåêòîðíûõ ïîëåé. Â êîíå÷íûõ ýëåìåíòàõ â ôîðìóëèðîâêå ìåòîäà ïåðåìåùåíèé
óäîâëåòâîðÿåòñÿ óñëîâèå ãëàäêîñòè êëàññà C(0) (êëàññ íåïðåðûâíûõ ôóíêöèé) è
íå óäîâëåòâîðÿåòñÿ òðåáîâàíèå ãëàäêîñòè êëàññà C(1) (íåïðåðûâíûå ïåðâûå ïðî-
èçâîäíûå). Ïîýòîìó âåñüìà ïðåäïî÷òèòåëüíûìè ïðè íåîáõîäèìîñòè óäîâëåòâîðå-
íèÿ òðåáîâàíèÿ ãëàäêîñòè êëàññà C(1) ÿâëÿþòñÿ êîíå÷íûå ýëåìåíòû â ñìåøàíí-
íîé ôîðìóëèðîâêå [12-14] (íåèçâåñòíûìè ÿâëÿþòñÿ ïåðåìåùåíèÿ è äåôîðìàöèè).
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Ïðîáëåìà ó÷åòà ñìåùåíèÿ êîíå÷íîãî ýëåìåíòà êàê òâåðäîãî òåëà â êðèâîëèíåéíîé
ñèñòåìå êîîðäèíàò èìååò ìåñòî è ïðè ðåàëèçàöèè ñìåøàííîãî ÌÊÝ.
Â ïðåäñòàâëåííîé ðàáîòå ðåøåíèå ýòîé ïðîáëåìû ïðåäëàãàåòñÿ ñ èñïîëüçîâà-
íèåì àïïðîêñèìàöèè èñêîìûõ âåëè÷èí êàê âåêòîðíî-òåíçîðíûõ ïîëåé.
2. Ãåîìåòðèÿ îáîëî÷êè âðàùåíèÿ
Ñðåäèííàÿ ëèíèÿ s îáîëî÷êè âðàùåíèÿ â äåêàðòîâîé ñèñòåìå êîîðäèíàò xOz
çàäàåòñÿ ðàäèóñîì-âåêòîðîì ïðîèçâîëüíîé òî÷êè M0 (ðèñ. 1)
~R0 = x~i+ z(x)~k; (1)
ãäå ~i; ~j; ~k  îðòû äåêàðòîâîé ñèñòåìû êîîðäèíàò.
Ðèñ. 1. Áàçèñíûå âåêòîðû ïðîèçâîëüíîé òî÷êè îáîëî÷êè â ðàçëè÷íûõ ñîñòîÿíèÿõ
Áàçèñíûå âåêòîðû òî÷êè M0 îïðåäåëÿþòñÿ âûðàæåíèÿìè
~a01 = ~R
0
;s = x; s~i+ z;s
~k; ~a03 = ~a
0
1 ~j =  z;s~i+ x;s~k; (2)
ãäå s  êîîðäèíàòà òî÷êè M0 âäîëü ñðåäèííîé ëèíèè.
Ðàññìàòðèâàÿ òî÷êó M0 (ðèñ. 1), îòñòîÿùóþ íà ðàññòîÿíèè t îò òî÷êè M0 ,
îïðåäåëèì åå ðàäèóñ  âåêòîð â âèäå
~R0t = ~R0 + t~a03: (3)
Áàçèñíûå âåêòîðû òî÷êè M0t îïðåäåëÿþòñÿ äèôôåðåíöèðîâàíèåì (3) â ìàò-
ðè÷íîì âèäå
f~g0g
21
= [m]
22
f~ig
21
; f~ig
21
= [m] 1
22
f~g0g
21
; (4)
ãäå f~g0gT
12
= f~g01 ~g03g:
Ïðîèçâîäíûå áàçèñíûõ âåêòîðîâ òî÷êè M0t (2) ñ ó÷åòîì (4) ìîæíî âûðàçèòü
÷åðåç áàçèñíûå âåêòîðû ýòîé æå òî÷êè â ìàòðè÷íîì âèäå
f~g0;sg
21
= [mt]
22
f~g0g
21
; f~g0;tg
21
= [nt]
22
f~g0g
21
: (5)
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3. Ïåðåìåùåíèÿ è äåôîðìàöèè
Ïðè ðåàëèçàöèè øàãîâîãî íàãðóæåíèÿ ïðîöåññ äåôîðìèðîâàíèÿ ïðåäñòàâëÿåò-
ñÿ ïîñëåäîâàòåëüíîñòüþ òðåõ ðàâíîâåñíûõ ñîñòîÿíèé îáîëî÷êè, êàæäîå èç êîòîðûõ
õàðàêòåðèçóåòñÿ ïîëîæåíèåì åå ïðîèçâîëüíîé òî÷êè: èñõîäíîå M0t ; äåôîðìèðî-
âàííîå ïîñëå j øàãîâ íàãðóæåíèÿ M t (âåêòîð ïåðåìåùåíèÿ ~V ) è ñîñåäíåå, áëèçêîå
ê äåôîðìèðîâàííîìó, â ðåçóëüòàòå (j+1)  ãî øàãà íàãðóæåíèÿ M0t

(âåêòîð ïå-
ðåìåùåíèÿ ~w ) (ðèñ. 1).
Ñóììàðíûé âåêòîð ïåðåìåùåíèÿ çà j øàãîâ íàãðóæåíèÿ òî÷êè M0t îïðåäåëÿ-
åòñÿ êîìïîíåíòàìè â åå ëîêàëüíîì áàçèñå
~V = f~g0gT
12
fvg
21
; (6)
ãäå fvgT
12
= fv1 v3g:
Ïðîèçâîäíûå âåêòîðà ~V îïðåäåëÿþòñÿ äèôôåðåíöèðîâàíèåì (6) è çàïèñûâà-
þòñÿ âûðàæåíèÿìè
~V;s = f
1
1~g
0
1 + f
3
1~g
0
3 ; ~V;t = f
1
3~g
0
1 + f
3
3~g
0
3 ; (7)
ãäå f11 ; f
3
1 ; f
1
3 ; f
3
3  ôóíêöèè êîìïîíåíò âåêòîðà
~V è èõ ïðîèçâîäíûõ.
Â äåôîðìèðîâàííîì ñîñòîÿíèè îáîëî÷êè îïðåäåëÿåòñÿ ïîëîæåíèå òî÷êè M t
ðàäèóñîì-âåêòîðîì â âèäå
~Rt = ~R0t + ~V : (8)
Áàçèñíûå âåêòîðû òî÷êè M t çàïèñûâàþòñÿ â áàçèñå òî÷êè M0t
~g1 = ~R
t
;s = ~g
0
1
 
1 + f11

+ ~g03f
3
1 ; ~g3 = ~R
t
;t = ~g
0
1f
1
3 + ~g
0
3
 
1 + f33

: (9)
Â ðåçóëüòàòå äåôîðìèðîâàíèÿ íà (j+1)  îì øàãå íàãðóæåíèÿ âåêòîð ïåðåìå-
ùåíèÿ ~w îïðåäåëÿåòñÿ êîìïîíåíòàìè â ëîêàëüíîì áàçèñå M0t â âèäå
~w = f~g0gT
12
fwg
21
; (10)
ãäå fwgT
12
= fw1 w3g .
Ïðîèçâîäíûå âåêòîðà (10) èìåþò âèä
~w;s = 
1
1~g
0
1 + 
3
1~g
0
3 ; ~w;t = 
1
3~g
0
1 + 
3
3~g
0
3 ; (11)
ãäå 11; 
3
1; 
1
3; 
3
3  ôóíêöèè êîìïîíåíò âåêòîðà ~w è èõ ïðîèçâîäíûõ.
Íà (j+1)  îì øàãå íàãðóæåíèÿ ïîëîæåíèå òî÷êè M t

îïðåäåëÿåòñÿ ðàäèóñîì-
âåêòîðîì â âèäå
~Rt

= ~Rt + ~w: (12)
Áàçèñíûå âåêòîðû òî÷êè M t

îïðåäåëÿþòñÿ äèôôåðåíöèðîâàíèåì (12)
~g1 = ~g1 + ~w;s; ~g

3 = ~g3 + ~w;t: (13)
Ïðèðàùåíèÿ äåôîðìàöèé â ðåçóëüòàòå (j+1)  ãî øàãà íàãðóæåíèÿ îïðåäåëÿ-
þòñÿ êàê ïîëóðàçíîñòè ìåòðè÷åñêèõ òåíçîðîâ ñîîòíîøåíèÿìè [15]
"ij =
 
gij   gij

=2 = (~gi  ~w;j + ~gj  ~w;i + ~w;j  ~w;i) =2 =
= "ëij +"
í
ij ; i; j = 1; 3: (14)
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Ëèíåéíàÿ è íåëèíåéíàÿ ÷àñòè ïðèðàùåíèé äåôîðìàöèé "ëij è "
í
ij ñ ó÷åòîì (13),
(9) ïðåäñòàâëÿþòñÿ â ìàòðè÷íîì âèäå
f"ëg
41
= [L]
42
fwg
21
; f"íg
14
= f~w; ~w;g; (15)
ãäå f"ëgT
14
= f"11 "22 "33 2"13g; "22 = (r   r) =r ; r; r  ðàäèóñû âðàùå-
íèÿ òî÷åê M t

è M t îáîëî÷êè ñîîòâåòñòâåííî; f~w; ~w;gT
14
= f~w;1  ~w;1 ~w;2  ~w;2 ~w;3 
~w;3 2~w;1  ~w;3 g ; [L]
42
 ìàòðèöà àëãåáðàè÷åñêèõ è äèôôåðåíöèàëüíûõ îïåðàòîðîâ.
4. Cîîòíîøåíèÿ ìåæäó äåôîðìàöèÿìè è íàïðÿæåíèÿìè
Èç îïûòà íà ïðîñòîå ðàñòÿæåíèå îáðàçöà èç äàííîãî ìàòåðèàëà îïðåäåëÿþòñÿ
èñòèííûå íàïðÿæåíèÿ 1 =
N
Fä
=  (Fä - ïëîùàäü îáðàçöà â äåôîðìèðîâàííîì ñî-
ñòîÿíèè)è ëîãàðèôìè÷åñêèå äåôîðìàöèè "1 = ln
l1
l0
= " , "2 = "3 = ln
h0
h1
( l0; l1; h0; h1
- äëèíà è ðàçìåð êâàäðàòíîãî ïîïåðå÷íîãî ñå÷åíèÿ îáðàçöà â èñõîäíîì è äåôîðìè-
ðîâàííîì ñîñòîÿíèÿõ ñîîòâåòñòâåííî). Ïî ýòèì äàííûì ñòðîèòñÿ äèàãðàììà ðàñòÿ-
æåíèÿ. Äàëåå îïðåäåëÿåòñÿ ôóíêöèÿ ïîïåðå÷íîé äåôîðìàöèè ! = j"2jj"1j è ñòðîèòñÿ
ãðàôèê åå çàâèñèìîñòè îò ïðîäîëüíîé äåôîðìàöèè "1 .
Ïî ðåçóëüòàòàì îïûòà îïðåäåëÿþòñÿ çàâèñèìîñòè
"i =
2
3
(1 + !)"; i = ; "i =
2
3
(1 + !)"; i = ; (16)
ãäå "i - èíòåíñèâíîñòü äåôîðìàöèé; i - èíòåíñèâíîñòü íàïðÿæåíèé; "i - ïðèðà-
ùåíèå èíòåíñèâíîñòè äåôîðìàöèé; i - ïðèðàùåíèå èíòåíñèâíîñòè íàïðÿæåíèé,
è ñòðîÿòñÿ äèàãðàììà äåôîðìèðîâàíèÿ è ãðàôèê çàâèñèìîñòè ôóíêöèè ïîïåðå÷-
íîé äåôîðìàöèè ! îò èíòåíñèâíîñòè äåôîðìàöèé "i .
Ïî äèàãðàììàì ðàñòÿæåíèÿ è äåôîðìèðîâàíèÿ îïðåäåëÿþòñÿ è ââîäÿòñÿ â ðàñ-
ñìîòðåíèå ñëåäóþùèå âåëè÷èíû:
Eñð = tg1 =

" - ñåêóùèé ìîäóëü äèàãðàììû ðàñòÿæåíèÿ;
Eõð = tg2 =

" - õîðäîâûé ìîäóëü äèàãðàììû ðàñòÿæåíèÿ;
Eñä = tg3 =
i
"i
- ñåêóùèé ìîäóëü äèàãðàììû äåôîðìèðîâàíèÿ;
Eõä = tg4 =
i
"i
- õîðäîâûé ìîäóëü äèàãðàììû äåôîðìèðîâàíèÿ.
Ìåæäó íèìè âûïîëíÿþòñÿ çàâèñèìîñòè
Eñð =
2
3
(1 + !)Eñä; Eõð =
2
3
(1 + !)Eõä: (17)
Ïåðâûå èíâàðèàíòû òåíçîðîâ íàïðÿæåíèé P () è äåôîðìàöèé P (") îïðåäåëÿ-
þòñÿ âûðàæåíèÿìè
P () = 1 + 2 + 3 = ;
P (") = "1 + "2 + "3 = "(1  2!): (18)
Ìåæäó íèìè èìååò ìåñòî çàâèñèìîñòü
P () =
Eñð
1  2!P (") =
1 + !
1  2!EñäP ("): (19)
Ñîîòíîøåíèÿ ìåæäó ïåðâûìè èíâàðèàíòàìè òåíçîðîâ ïðèðàùåíèé íàïðÿæå-
íèé P () è ïðèðàùåíèé äåôîðìàöèé P (") ñ èñïîëüçîâàíèåì (16) çàïèøóòñÿ
âûðàæåíèÿìè
P () =
Eõð
1  2!P (") =
1 + !
1  2!EõäP ("): (20)
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Âòîðûå èíâàðèàíòû äåâèàòîðîâ íàïðÿæåíèé I2(D) è äåôîðìàöèé I2(D")
îïðåäåëÿþòñÿ ñîîòíîøåíèÿìè [15]
I2(D) =
1
6
[(1   2)2 + (2   3)2 + (3   1)2] = 
2
3
;
I2(D") =
1
6
[("1   "2)2 + ("2   "3)2 + ("3   "1)2] = (1 + !)
2
3
"2: (21)
Îïðåäåëèì èíâàðèàíòíûå âåëè÷èíû (16) â âèäå
i =
p
3I2(D) =
p
3
; "i =
r
4
3
I2(D") =
1 + !p
3
": (22)
Íàïðÿæåííî - äåôîðìèðîâàííîå ñîñòîÿíèå íàãðóæåííîãî òåëà â òî÷êå M t õà-
ðàêòåðèçóåòñÿ òåíçîðàìè íàïðÿæåíèé è äåôîðìàöèé [15]
T = ij~g
i~gj = ij~gi~gj ; T" = "ij~g
i~gj = "ij~gi~gj ; (23)
ãäå ij ; 
ij - êîâàðèàíòíûå è êîíòàâàðèàíòíûå êîìïîíåíòû òåíçîðà íàïðÿæåíèé;
~gi; ~g
i - êîâàðèàíòíûå è êîíòàâàðèàíòíûå âåêòîðû áàçèñà â ïðîèçâîëüíîé òî÷êå;
"ij ; "
ij - êîâàðèàíòíûå è êîíòàâàðèàíòíûå êîìïîíåíòû òåíçîðà äåôîðìàöèé.
Òåíçîðàì íàïðÿæåíèé è äåôîðìàöèé (23) ñîîòâåòñòâóþò äåâèàòîðû íàïðÿæå-
íèé D è äåôîðìàöèé D" [15]
D = Sij~g
i~gj = Sij~gi~gj ; D" = Eij~g
i~gj = Eij~gi~gj ; (24)
ãäå Sij = ij   13P ()gij ; Sij = ij   13P ()gij - êîâàðèàíòíûå è êîíòðàâàðèàíòíûå
êîìïîíåíòû äåâèàòîðà íàïðÿæåíèé; Eij = "ij   13P (")gij ; Eij = "ij   13P (")gij
- êîâàðèàíòíûå è êîíòðàâàðèàíòíûå êîìïîíåíòû äåâèàòîðà äåôîðìàöèé; gij ; g
ij
- êîâàðèàíòíûå è êîíòðàâàðèàíòíûå êîìïîíåíòû ìåòðè÷åñêîãî òåíçîðà; P () =
ijg
ij = ijgij - ïåðâûé èíâàðèàíò òåíçîðà íàïðÿæåíèé; P (") = "ijg
ij = "ijgij -
ïåðâûé èíâàðèàíò òåíçîðà äåôîðìàöèé.
Âòîðûå èíâàðèàíòû äåâèàòîðîâ íàïðÿæåíèé è äåôîðìàöèé îïðåäåëÿþòñÿ âû-
ðàæåíèÿìè [15]
I2(S) = S
ijSij ; I2(E) = E
ijEij : (25)
Îïðåäåëèì èíâàðèàíòíûå âåëè÷èíû (22) ïî ôîðìóëàì
i =
q
3SijSij ; "i =
r
4
3
EijEij : (26)
Ñîîòíîøåíèÿ ìåæäó íàïðÿæåíèÿìè è äåôîðìàöèÿìè îïðåäåëÿþòñÿ íà îñíîâå
ãèïîòåçû î ïðîïîðöèîíàëüíîñòè êîìïîíåíò äåâèàòîðà íàïðÿæåíèé êîìïîíåíòàì
äåâèàòîðà äåôîðìàöèé â âèäå
Sij = Eij ; S
ij = Eij ; (27)
ãäå  = 32
i
"i
- ôóíêöèÿ ïðîïîðöèîíàëüíîñòè, îïðåäåëÿåìàÿ ïîäñòàíîâêîé (27) â
(26), ÷èñëåííîå çíà÷åíèå êîòîðîé ìîæíî îïðåäåëèòü ïî ïîñòðîåííîìó ãðàôèêó çà-
âèñèìîñòè i îò "i .
Ñ èñïîëüçîâàíèåì çíà÷åíèé ôóíêöèè  ñîîòíîøåíèÿ ìåæäó íàïðÿæåíèÿìè è
äåôîðìàöèÿìè (27) ìîæíî ïðåäñòàâèòü â âèäå
ij =
3
2
Eñä

"ij +
!
1  2!P (")gij

: (28)
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Îïðåäåëåíèå ñîîòíîøåíèé ìåæäó êîìïîíåíòàìè òåíçîðà ïðèðàùåíèé íàïðÿ-
æåíèé è êîìïîíåíòàìè òåíçîðà ïðèðàùåíèé äåôîðìàöèé îñóùåñòâëÿåòñÿ ñ èñ-
ïîëüçîâàíèåì ãèïîòåçû î ïðîïîðöèîíàëüíîñòè êîìïîíåíò äåâèàòîðà ïðèðàùåíèé
íàïðÿæåíèé êîìïîíåíòàì äåâèàòîðà ïðèðàùåíèé äåôîðìàöèé â âèäå
Sij =  Eij ; S
ij =  Eij ; (29)
ãäå Sij = ij   13P ()gij ; Sij = ij   13P ()gij - êîâàðèàíòíûå è êîí-
òðàâàðèàíòíûå êîìïîíåíòû äåâèàòîðà ïðèðàùåíèé íàïðÿæåíèé; Eij = "ij  
1
3P (")gij ; E
ij = "ij   13P (")gij - êîâàðèàíòíûå è êîíòðàâàðèàíòíûå êîìïî-
íåíòû äåâèàòîðà ïðèðàùåíèé äåôîðìàöèé; P () = ijg
ij = ijgij - ïåðâûé
èíâàðèàíò òåíçîðà ïðèðàùåíèé íàïðÿæåíèé; P (") = "ijg
ij = "ijgij - ïåðâûé
èíâàðèàíò òåíçîðà ïðèðàùåíèé äåôîðìàöèé.
Ââåäåì â ðàññìîòðåíèå èíâàðèàíòíûå âåëè÷èíû: i - èíòåíñèâíîñòü ïðèðà-
ùåíèé äåâèàòîðíûõ íàïðÿæåíèé è "i - èíòåíñèâíîñòü ïðèðàùåíèé äåâèàòîðíûõ
äåôîðìàöèé, êîòîðûå îïðåäåëÿþòñÿ ïî ôîðìóëàì [15]
i =
q
3SijSij ; "

i =
r
4
3
EijEij : (30)
Ñ èñïîëüçîâàíèåì âûðàæåíèé (29) è (30) îïðåäåëÿåòñÿ ôóíêöèÿ ïðîïîðöèî-
íàëüíîñòè  .
Ïðè ðåøåíèè óïðóãî íåëèíåéíîé çàäà÷è ïðèíèìàåòñÿ ðàâåíñòâî
i
"i
=
i
"i
: (31)
Ñ ó÷åòîì ðàâåíñòâà (31) ôóíêöèþ  ìîæíî çàìåíèòü õîðäîâûì ìîäóëåì äèà-
ãðàììû äåôîðìèðîâàíèÿ ïðè îïðåäåëåíèè ïðèðàùåíèé íàïðÿæåíèé íà (j + 1) -
îì øàãå íàãðóæåíèÿ è ïðåäñòàâèòü â âèäå
 =
3
2
Eõä: (32)
Ñ ó÷åòîì (32) âûðàæåíèÿ (29) ïðèìóò âèä
Sij = EõäEij ; S
ij = EõäE
ij : (33)
Ñâîéñòâî àääèòèâíîñòè êîâàðèàíòíûõ êîìïîíåíò òåíçîðà ïðèðàùåíèé äåôîð-
ìàöèé "ij âëå÷åò àääèòèâíîñòü êîâàðèàíòíûõ êîìïîíåíò äåâèàòîðà ïðèðàùåíèé
äåôîðìàöèé Eij . Íà îñíîâàíèè ïåðâîãî âûðàæåíèÿ (33) àääèòèâíûìè äîëæ-
íû áûòü è âåëè÷èíû Sij , à ñëåäîâàòåëüíî è êîâàðèàíòíûå êîìïîíåíòû òåíçîðà
ïðèðàùåíèé íàïðÿæåíèé ij .
Äëÿ ïðåîáðàçîâàíèÿ (33) èñïîëüçóåòñÿ çàâèñèìîñòü ìåæäó ïåðâûìè èíâàðèàí-
òàìè òåíçîðîâ ïðèðàùåíèé íàïðÿæåíèé è äåôîðìàöèé â âèäå
P () =
1 + !
1  2!EõäP ("): (34)
Ñ ó÷åòîì (34) èç (33) ïîëó÷àåòñÿ
ij =
3
2
Eõä

"ij +
!
1  2!P (")gij

: (35)
Íà îñíîâàíèè âûøåèçëîæåííûõ ñîîòíîøåíèé ñîñòàâëÿþòñÿ ìàòðè÷íûå ñîîòíî-
øåíèÿ
fg = [C] f"g; fg = [C] f"g; (36)
ãäå fgT = f11 22 33 13g ; f"gT = f"11 "22 "33 2"13g ;
[C]  ìàòðèöà ïîäàòëèâîñòè ìàòåðèàëà;
fgT = f11 22 33 13g ; f"gT = f"11 "22 "33 2"13g .
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5. Ìàòðèöà äåôîðìèðîâàíèÿ êîíå÷íîãî ýëåìåíòà íà øàãå íàãðóæåíèÿ
Äèñêðåòíûé ýëåìåíò âûáèðàåòñÿ â ôîðìå êîëüöà ñ ïîïåðå÷íûì ñå÷åíèåì â âè-
äå ïðîèçâîëüíîãî ÷åòûðåõóãîëüíèêà ñ óçëàìè i; j; k; l . Óçëîâûìè íåèçâåñòíûìè
êîíå÷íîãî ýëåìåíòà ïðèíèìàþòñÿ ïðèðàùåíèÿ ïåðåìåùåíèé è ïðèðàùåíèÿ äåôîð-
ìàöèé. Ãëîáàëüíûå êîîðäèíàòû s; t ÷åòûðåõóãîëüíèêà âûðàæàþòñÿ ÷åðåç åãî
óçëîâûå çíà÷åíèÿ áèëèíåéíûìè ñîîòíîøåíèÿìè
s = f(; )gT fsyg; t = f(; )gT ftyg; (37)
ãäå fsygT = fsi sj sk slg ; ftygT = fti tj tk tlg  ñòðîêè óçëîâûõ çíà÷åíèé êîîðäè-
íàò.
Äèôôåðåíöèðîâàíèåì (37) îïðåäåëÿþòñÿ ïðîèçâîäíûå ãëîáàëüíûõ êîîðäèíàò
â ëîêàëüíîé ñèñòåìå s; , s; , t; , t; è ïðîèçâîäíûå ëîêàëüíûõ êîîðäèíàò â ãëî-
áàëüíîé ñèñòåìå ;s , ;t , ;s , ;t [13].
Âåêòîð ïåðåìåùåíèÿ âíóòðåííåé òî÷êè êîíå÷íîãî ýëåìåíòà àïïðîêñèìèðóåòñÿ
÷åðåç âåêòîðû ïåðåìåùåíèé óçëîâûõ òî÷åê òàêæå áèëèíåéíûìè ñîîòíîøåíèÿìè
[13]
~w = f(; )gT f ~wyg ; (38)
ãäå f ~wygT = f~wi ~wj ~wk ~wlg .
Ïðîèçâîäíûå âåêòîðà (38) îïðåäåëÿþòñÿ âûðàæåíèÿìè
~w;s = f;sgT f~wyg; ~w;t = f;tgT f~wyg: (39)
Âåêòîð ïåðåìåùåíèÿ óçëîâîé òî÷êè êîíå÷íîãî ýëåìåíòà èìååò âèä
~w! = w1!~g0!1 + w
3!~g0!3 ; (! = i; j; k; l): (40)
Áàçèñíûå âåêòîðû óçëîâîé òî÷êè ! âûðàæàþòñÿ ÷åðåç áàçèñíûå âåêòîðû âíóò-
ðåííåé òî÷êè êîíå÷íîãî ýëåìåíòà çàâèñèìîñòüþ
f~g0!g
21
= [n!] f ~g0g : (41)
Ñ ó÷åòîì (40) è (41) çàâèñèìîñòè (38) è (39) ïðèìóò âèä
~w = f~g0gT
12

1(; )[ n
i
22
]T 2(; )[ n
j
22
]T
3(; )[n
k
22
]T 4(; )[ n
l
22
]T

fwyg
81
; (42)
~w;s = f~g0gT
12

1;s(; )[ n
i
22
]T 2;s(; )[ n
j
22
]T
3;s(; )[n
k
22
]T 4;s(; )[ n
l
22
]T

fwyg
81
; (43)
~w;t = f~g0gT
12

1;t(; )[ n
i
22
]T 2;t(; )[ n
j
22
]T
3;t(; )[n
k
22
]T 4;t(; )[ n
l
22
]T

fwyg
81
;
ãäå fwygT
18
= fw1i w3i w1j w3j w1k w3k w1l w3lg ; 1; 2; 3; 4  ôóíêöèè, ÿâëÿþ-
ùèåñÿ ýëåìåíòàìè àïïðîêñèìèðóþùåé ìàòðèöû f(; )gT .
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Ïðèðàâíèâàÿ ïðàâûå ÷àñòè (10) è (42), (11) è (43), ïîëó÷èì ìàòðè÷íûå âûðà-
æåíèÿ êîìïîíåíò âåêòîðà ïåðåìåùåíèÿ è èõ ïðîèçâîäíûõ
w1 = fz1g fwyg; w3 = fz2gwy; w1;s = fz3g fwyg; w3;s = fz4g fwyg;
w1;t = fz5g fwyg; w3;t = fz6g fwyg : (44)
Ñ èñïîëüçîâàíèåì (44) ìîæíî ñôîðìèðîâàòü ìàòðè÷íûå ñîîòíîøåíèÿ
fwg
21
= [A]
28
fwyg
81
; f"g
41
= [L]
42
[A]
28
fwyg
81
= [B]
48
fwyg
81
: (45)
Ïðè ñêàëÿðíîé àïïðîêñèìàöèè êàæäàÿ êîìïîíåíòà âåêòîðà ïåðåìåùåíèÿ íà
øàãå íàãðóæåíèÿ àïïðîêñèìèðóþòñÿ ÷åðåç óçëîâûå çíà÷åíèÿ òîëüêî ýòîé æå êîì-
ïîíåíòû âûðàæåíèÿìè
w1 = f(; )gT fw1yg; w3 = f(; )gT fw3yg : (46)
Òåíçîðû ïðèðàùåíèé äåôîðìàöèé âíóòðåííåé è óçëîâûõ òî÷åê êîíå÷íîãî ýëå-
ìåíòà îïðåäåëÿþòñÿ âûðàæåíèÿìè
~" = "11~g
1~g1 +"22~g
2~g2 +"33~g
3~g3 + 2"13~g
1~g3 = f"gT f~~gg = f~~ggT f"g;
~"! = f"!gT f~~g!g = f~~g!gT f"!g : (47)
Òåíçîðû äåôîðìàöèé âíóòðåííåé òî÷êè âûðàæàþòñÿ ÷åðåç òåíçîðû äåôîðìà-
öèé óçëîâûõ òî÷åê [13]
~" = f(; )gT f~"!y g ; ~" = f(; )gT f~"!y g; (48)
ãäå f~"!y gT = f~"i ~"j ~"k ~"lg ; f~"!y gT = f~"i ~"j ~"k ~"lg .
Áàçèñíûå âåêòîðû óçëîâîé òî÷êè ! âûðàæàþòñÿ ÷åðåç áàçèñíûå âåêòîðû âíóò-
ðåííåé òî÷êè êîíå÷íîãî ýëåìåíòà çàâèñèìîñòüþ
f~g!g = [z!]f~gg; (49)
ãäå f~ggT = f~g1 ~g2 ~g3g .
Ñ ó÷åòîì (49) äèàäíûå ïðîèçâåäåíèÿ áàçèñíûõ âåêòîðîâ óçëîâîé òî÷êè f~~g!gT =
f~g1!~g1! ~g2!~g2! ~g3!~g3! ~g1!~g3!g ìîãóò áûòü âûðàæåíû ÷åðåç äèàäíûå ïðîèçâåäåíèÿ
âíóòðåííåé òî÷êè êîíå÷íîãî ýëåìåíòà ìàòðè÷íîé çàâèñèìîñòüþ
f~~g!g = [@]
44
f~~gg : (50)
Ñ èñïîëüçîâàíèåì (50) âûðàæåíèå (48) ïðèìåò âèä
~" = f~~gg
14

1 [@i]T
44
2 [@j ]T
44
3 [@k]T
44
4 [@l]T
44

f"yg
161
=
= f~~ggT
14
[G]
416
f"yg
161
; (51)
ãäå f"ygT
116
= f"i11 "j11 "k11 "l11 :::2"i13 2"j13 2"k13 2"l13g  ìàòðèöà-ñòðîêà
óçëîâûõ ïðèðàùåíèé äåôîðìàöèé.
Ïðèðàâíèâàÿ ïðàâûå ÷àñòè (47) è (51), ïîëó÷èì ìàòðè÷íîå âûðàæåíèå
f"g
41
= [G]
416
f"yg
161
: (52)
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Ïðè ñêàëÿðíîé àïïðîêñèìàöèè ìàòðèöà [G] èìååò âèä
[G]
416
=
2664
fgT f0gT f0gT f0gT
f0gT fgT f0gT f0gT
f0gT f0gT fgT f0gT
f0gT f0gT f0gT fgT
3775 :
Ôóíêöèîíàë Ëàãðàíæà, âûðàæàþùèé ðàâåíñòâî âîçìîæíûõ è äåéñòâèòåëüíûõ
ðàáîò âíåøíèõ è âíóòðåííèõ ñèë íà øàãå íàãðóæåíèÿ, ìîæíî çàïèñàòü â âèäå [14]
ÏL =
Z
V

fgT + 1
2
fgT
 f"ëg+ f"íg dV 
 
Z
s
fwgT

fpg+ 1
2
fpg

dS; (53)
ãäå V  îáúåì äåôîðìèðóåìîãî òåëà; S  ïëîùàäü ïîâåðõíîñòè ñ çàäàííîé âíåøíåé
íàãðóçêîé; fpgT = fp1 p2g ; fpgT = fp1 p2g  âåêòîðû íàãðóçîê ïîñëå j -ãî è
(j + 1) -ãî øàãîâ ñîîòâåòñòâåííî.
Çàìåíèì âûðàæåíèå äåéñòâèòåëüíîé ðàáîòû âíóòðåííèõ ñèë â (53) ðàçíîñòüþ
èõ âîçìîæíîé è äîïîëíèòåëüíîé ðàáîò [14]
1
2
fgT f"g = fgT [L]fwg   1
2
() =
= f"gT [D][L]fwg   1
2
f"ëgT [D]f"ëg: (54)
Ñ ó÷åòîì (54) ôóíêöèîíàë (53) ïðèìåò âèä .
ÏL =
Z
V
f"ëgT [D][L]fwgdV +
Z
V
fgT f"ígdV 
 1
2
Z
V
f"ëgT [D]f"ëgdV   1
2
Z
S
fwgT fpgdS 
 
Z
S
fwgT fpgdS +
Z
V
f"ëgT fgdV:(55)
Ôóíêöèîíàë (55) ñ ó÷åòîì (52) è (45) äëÿ îòäåëüíîãî êîíå÷íîãî ýëåìåíòà íà
øàãå íàãðóæåíèÿ ïðèíèìàåò âèä
ÏLE  f"ygT
116
Z
V
[G]T
164
[D]
44
[B]
48
dV fwyg
81
+ fwygT
18
[Kí]
88
fwyg
81
 
 1
2
f"ygT
116
Z
V
[G]T
164
[D]
44
[G]
416
dV f"yg
161
 1
2
fwygT
18
Z
S
[A]T
82
fpg
21
dS 
 fwygT
18
Z
S
[A]T
82
fpg
21
dS + fwygT
18
Z
V
[B]T
84
fg
41
dV ;(56)
ãäå fKíg
88
 ìàòðèöà îò íåëèíåéíîé ÷àñòè ïðèðàùåíèÿ äåôîðìàöèé.
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Âûïîëíÿÿ âàðüèðîâàíèå ôóíêöèîíàëà (56) ïî óçëîâûì íåèçâåñòíûì f"ygT è
fwygT , ïîëó÷èì ñèñòåìó óðàâíåíèé8><>:
@ÏLE
@f"ygT    [H]
1616
f"yg
161
+ [Q]
168
fwyg
81
= 0;
@ÏLE
@fwygT  [Q]T
816
f"yg
161
+ [Kí]
168
fwyg
81
+ffg = 0; (57)
ãäå [Q]
168
=
R
V
[G]T
164
[D]
44
[B]
48
dV ;
[H]
1616
=
R
V
[G]T
164
[D]
44
[G]
416
dV ;
ffg
81
=
R
S
[A]T
82
fpg
21
dS   R
V
[B]T
84
fg
41
dV +
R
S
[A]T
82
fpg
21
dS:
Ñèñòåìó (57) ìîæíî ïðåäñòàâèòü â òðàäèöèîííîé êîíå÷íî-ýëåìåíòíîé ôîðìå
[k]
2424
fZyg
241
= fFg
241
;(58)
ãäå [k]
2424
=
24 [H]1616 [Q]168
[Q]T
816
[Kí]
88
35  ìàòðèöà äåôîðìèðîâàíèÿ êîíå÷íîãî ýëåìåíòà;
fZygT
124
= ff"ygT
116
fwygT
18
g  âåêòîð óçëîâûõ íåèçâåñòíûõ êîíå÷íîãî ýëåìåíòà;
fFgT
124
= ff0gT
116
ffgT
18
g  âåêòîð óçëîâûõ óñèëèé êîíå÷íîãî ýëåìåíòà íà øàãå
íàãðóæåíèÿ.
Äëÿ ôîðìèðîâàíèÿ ìàòðèöû äåôîðìèðîâàíèÿ âñåé êîíñòðóêöèè èñïîëüçóåòñÿ
òðàäèöèîííàÿ ïðîöåäóðà ÌÊÝ [16].
6. Ïðèìåð ðàñ÷åòà
Ðàññìàòðèâàëîñü íàïðÿæåííî-äåôîðìèðîâàííîå ñîñòîÿíèå óñå÷åííîé ñôåðè÷å-
ñêîé îáîëî÷êè, íàõîäÿùàÿñÿ ïîä äåéñòâèåì âíóòðåííåãî äàâëåíèÿ èíòåíñèâíîñòè
q . Ïðèíèìàëèñü ñëåäóþùèå èñõîäíûå äàííûå: ðàäèóñ âíóòðåííåé ïîâåðõíîñòè
R = 0:25 ì, òîëùèíà ñòåíêè îáîëî÷êè t = 0:002 ì, ðàññòîÿíèå îò öåíòðà îáî-
ëî÷êè äî ïëîñêîñòè óñå÷åíèÿ l = 0:2 ì, êîýôôèöèåíò Ïóàññîíà  = 0:3 .
Ìàòåðèàë îáîëî÷êè íåëèíåéíî óïðóãèé, äèàãðàììà äåôîðìèðîâàíèÿ êîòîðî-
ãî îïèñûâàåòñÿ çàâèñèìîñòüþ i = a"
2
i + b"i , ãäå a =  1839743; :5897 ÌÏà,
b = 115384; 6154 ÌÏà.
Ðèñ. 2. Çàâèñèìîñòü íîðìàëüíîãî ïåðåìåùåíèÿ îò èíòåíñèâíîñòè äàâëåíèÿ
Íà ðèñ. 2 ïîêàçàíà çàâèñèìîñòü íîðìàëüíîãî ïåðåìåùåíèÿ w òî÷êè âíóòðåí-
íåé ïîâåðõíîñòè îáîëî÷êè, ðàñïîëîæåííîé íà îñè ñèììåòðèè, îò èíòåíñèâíîñòè
äàâëåíèÿ q (êðèâàÿ 2). Ïðÿìàÿ 1 ïîêàçûâàåò ëèíåéíîå ðåøåíèå.
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Ïðè ïåðåìåùåíèè, ïðåâûøàþùåì ïî÷òè â 2 ðàçà òîëùèíó îáîëî÷êè, óñëîâèå
ðàâíîâåñèÿ ïî íàïðÿæåíèÿì âûïîëíÿëîñü ñ òî÷íîñòüþ  2% . Ïîëó÷åííûå ðåçóëü-
òàòû ñâèäåòåëüñòâóþò î êîððåêòíîñòè ðàçðàáîòàííîãî àëãîðèòìà.
Summary
N.A. Gureeva, Yu.V. Klotchkov, A.P. Nikolaev
Calculation of nonlinear elastic axially loaded shells of revolution based on the mixed FEM.
Calculation of nonlinear shell elastic isotropic material is step method of loading. The shell
is considered in three states: initial, deformed following the j steps of loading and nearby,
close to the deformed as a result (j + 1)  the rst load step. Deformation dened as the
half-metric tensor components. The relation between stress and strain increments of stress and
strain increments are obtained on the basis of hypotheses about the proportionality of deviators
component stresses and strains and the components of the deviators increments of stress and
strain increments. On the basis of the previously prepared mixed functional formed in Step
deformation loading matrix surround annular end member with a quadrangular cross-section.
An example of calculating.
Key words: vector approximation, tensor approximation of the vector eld, tensor eld,
the mixed formulation, a variational principle.
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